This paper addresses the RF link budget of a communication system using unusual waves carrying an orbital angular momentum (OAM) in order to clearly analyse the fundamental changes for telecommunication applications. The study is based on a typical configuration using circular array antennas to transmit and receive OAM waves. For any value of the OAM mode order, an original asymptotic formulation of the link budget is proposed in which equivalent antenna gains and free-space losses appear. The formulations are then validated with the results of a commercial electromagnetic simulation software. By this way, we also show how our formula can help to design a system capable of superimposing several channels on the same bandwidth and the same polarisation, based on the orthogonality of the OAM. Additional losses due to the use of this degree of freedom are notably clearly calculated to quantify the benefit and drawback according to the case.
Introduction
From Maxwell's theory, it is well-known that electromagnetic waves carry energy and both linear and angular momenta [1] . The angular momentum has a spin component (SAM), associated with polarization, and an orbital component (OAM), related to the spatial distributions of the field magnitude and phase [2] . The mechanical interaction between matter and these two components of the angular momentum has been theoretically and experimentally proven [3] , [4] .
The SAM with two orthogonal states is well-known and widely exploited in operating systems to double the communication capacity. OAM has not yet been utilized in radio communications, even though it may represent a fundamental new degree of freedom [5] . Indeed the use of OAM could help improving link capacities as controversially discussed in several recent papers [6] , [7] , [8] [9] , [10] .
From the 1990s, the OAM of light has been widely studied in optics with Laguerre-Gaussian beams [11] , [12] , [13] , [14] . The results have been transposed to the radiofrequency domain both theoretically [15] , [16] and experimentally [6] . The generation of radio OAM waves can be performed in many ways, e.g. with a circular antenna array [16] , a plane or spiral phase plate [17] , [18] or a helicoidal parabolic antenna [6] with dedicated modifications. The detection appears to be correctly achieved by an interferometer [6] or a 3D vector antenna [19] . Such configurations can also be analysed by means of classical communication tools for multiple-input-multiple-output (MIMO) antenna systems [7] , [8] .
In [20] , we have analysed the link between two antennas designed to transmit and receive OAMs. We have found the same far-zone decay as previously exposed in [10] . We have also discussed the efficiency of OAM for radio communication. As in [6] , [7] , [8] , [15] and [21] , a basic configuration using circular antenna arrays both to transmit and receive one single OAM mode has been studied and will be reused in the present paper. It exhibits the key advantage of a simple model through including the fundamental physical properties of OAM links.
The wave generated by the system is described by the modal orthogonality of the OAM associated with the rotating helical phase fronts. The antenna elements are fed with the same signal but at each element of the circular array, their phase vary successively from 0 to 2πl circularly around the antenna array axis. The integer l is called the topological charge [22] , where in quantum mechanics, lh is the OAM of one photon. The OAM topological charge l is not estimated as in [16] , but the orthogonality property is exploited here for the possibility to superimpose several channels as it was experimentally performed in optics [23] and in RF [6] .
In this paper, we propose to study the particular properties of the OAM link budget with respect to the OAM topological charge. The aim is to develop an asymptotic far-field formulation valid at large distances between two face-to-face circular array antennas. We use the equations of the link budget described in [7] and we add an asymptotic analysis that yields physical quantities that are suitable for a system design in a radio communication study with OAM.
The paper is organized as follows. In Section 2, we summarize the theory of OAM link budget. In section 3, an antenna array configuration is presented and studied first using the superposition principle. In section 4 we find and validate an original asymptotic formulation of the link budget. In section 5, for any value of the OAM order l, we define and study equivalent antenna gains and free-space losses. Finally, in section 6, the calculated formulations are validated using the results of the commercial electromagnetic simulation software Feko.
Theory
A link budget addresses the efficiency of a communication system. It takes into account for all the gains and losses from the transmitter to the receiver, associated with both antennas and the propagation channel. In Fig. 1 , D is the distance between the two antennas, P t the transmitted power, G t the transmitter antenna gain, P r the received power, G r the receiver antenna gain and L FS the free-space losses. In its most concise form, P r is given by the Friis transmission equation
In [20] , we have pointed out some difficulties in the calculation of the link budget. Indeed with classical considerations, no power can be received when the antennas are aligned for non-zero OAM orders due to the radiation patterns presented in [16] and depicted in Fig. 1 . This asymptotic formulation questions the capability of OAM waves to support far-field communications.
Link budget for the two circular array configuration
In this section we introduce the equation of the transmission link as proposed by Edfors [7] . In the next section, we go further by determining asymptotic equations that are more suitable for a system design in a radio communication study with OAM.
System configuration
In Fig. 2 we describe the configuration with which OAM modes of orders l are sent and OAM modes of orders l ′ are detected. The transmission can be divided into three blocks: the Beam Forming Network (BFN) of the transmitter, the propagation channel, and the BFN of the receiver. are the wave amplitudes feeding the transmitter array or collected at the receiver array, respectively. The coefficient h pn corresponds to the propagation term from the element n of the transmitter to the element p of the receiver.
A non-asymptotic configuration is considered in Fig. 3 as in [7] [16] with all the system parameters depicted. This system will be thoroughly described afterwards in this section. In [20] , the ratio of the received power of a mode of order l ′ and the transmitted power carried by a mode of order l has been explicitly formulated and numerically studied.
This article addresses how the link budget expression can be asymptotically expressed in a conventional form as in (1) . For the sake of simplicity, we assume the following hypotheses:
• Each array element is located using its phase center. The polarisation is the same for each antenna element, either linear or circular.
• Mutual couplings are neglected.
• Both BFNs are ideal.
Likewise, some considerations are assumed on the antenna parameters:
• The number of antenna elements are the same for both arrays, N = N t = N r . N is limited according to the sizes of the antenna array and the antenna elements.
• The reference tilt angle between the two array antennas is zero, φ = 0.
The configuration with two aligned circular array antennas facing each other is depicted in Fig. 3 . In the following subsections, we study one by one the contribution of the blocks defined in Fig. 2 .
BFN Matrix
On the one hand, to transmit several OAM modes of order l and amplitude a OAM l , the antenna elements must be fed by
with n the element index at the transmitter. This formulation defines an ideal BFN that has N input ports associated with the transmission of OAM modes of order l ∈ {0, . . . , N − 1}. Note that the number of elements in the array limits the number of possible OAM modes due to sampling. Due to aliasing, modes of order greater than N/2 are actually modes of negative orders. On the other hand, the BFN of the receiver builds at its output the OAM modes of order l ′ . The amplitude b
with p the element index at the receiver. From (2), the transmitter BFN matrix that relates the outputs a feed n to the inputs a OAM l is the matrix of the Discrete Fourier Transform (DFT) of size N, denoted U. In the same way from (3), the receiver BFN matrix is the inverse discrete Fourier transform and can be characterized by the matrix U H .
Channel Matrix
The propagation channel of this system can be characterized by the channel matrix H. Its terms h pn correspond to the propagation from the phase center of the n-th element of the transmitter to the phase center of the p-th element of the receiver. The transfer function from the transmitter array and the receiver array is given by [7] h pn = β e
which gives the point-to-point link without coupling terms. The distance between each antenna element is given by
The free space losses L FS are 4πr np /λ , the propagation term is the exponent, λ is the wavelength of the carrier.
β contains all the variables associated with the antenna system configuration. For the sake of simplicity, the two following hypotheses are added. Firstly, the elements of the transmitter and receiver antennas are in the far-field of each other. Secondly, for large distances between the two arrays, β is only related to their gains in the axial direction, therefore it can be approximated by √ g t g r .
Single Mode Link Budget
Finally, the OAM link can be characterized by the matrix
This matrix gives all the relations, e.g. the crosstalk, between transmitted and received OAM modes. The output amplitudes are so that
By expanding the matrix products in (6) and (7), the ratio of the received and transmitted powers for only one OAM order l is given by
This formulation can be expressed in a different way because the matrix H is circulant. Indeed h p,n only depends on the difference (n − p). From [24] the channel matrix is therefore diagonalized by the N × N unitary DFT matrix U. Besides the eigenvalues κ l of H can be obtained from the DFT of the first row of H. This yields
Finally, equation (6) is the diagonalisation of H. This means that H tot is a diagonal matrix of elements κ l and this shows the orthogonality of the OAM modes. The single-mode (i.e. l = l ′ ) link budget can simply be expressed as
This formulation is simpler than (8) for determining the power associated with one OAM mode order.
Asymptotic formulation 4.1 Development
The objective of this section is to determine an asymptotic formulation of the link budget (10) at large distances, i.e. when D → +∞. In other words, we seek the leading term for each value of l. To do so, we firstly rewrite (10) using the standard notation < | > for the discrete complex hermitian inner product. This yields
with u n = e − jkr n0 /r n0 . Since r n0 is even with n, u n is even as well. Thus, the previous expression can be written as
From this expression, the link budget for the modes +l and −l are the same.
To obtain the asymptotic formulation of P r /P t , we firstly expand u n in Taylor series. For r n0 , the expression is obtained by writing
with
Thus, an asymptotic expansion of r n0 when D tot → +∞ is given by
where α m are the generalized binomial coefficients. From this result, we deduce
Similarly, we have 1
Developing the exponential in (15) and multiplying by (16), we finally obtain
This expansion is expressed in terms of cos m (2πn/N) and cos m ′ (2πn/N) whereas the initial inner product (12) makes use of cos(2π|l|n/N). Nevertheless, from cosine power reduction formulas and from (17) , the dominant contribution in cos(2π|l|n/N) is contained in the cos |l| (2πn/N) term. Indeed, lower-order powers of cosine do not contain terms in cos(2π|l|n/N) when linearized, and higher-order terms decrease faster when D → ∞. Therefore, to obtain the link budget (12) for each mode order l, the dominant component in cos |l| (2πn/N) when D → +∞ must be extracted. As a consequence of the limit D → +∞, the dominant term is obtained only with the components m = 1 and m ′ = 0 in (17) , and is given by
Adding any other terms in the series only yields components decaying faster. Finally, from (12) and (18), the link budget is asymptotically given by
Hence, with D tot ≃ D when D → +∞, the asymptotic OAM single-mode link budget can be expressed as
This result demonstrates that P r /P t decays in 1/D 2|l|+2 for a mode of order |l|.
Validation and convergence

Convergence
In this section we want to study the convergence of the global link budget (10) with the asymptotic formulation (20) . In addition, the dependence on the OAM order l is also studied. The difference between the asymptotic formulation (20) and the non-asymptotic one (10) can be estimated. For any distance, we can compute the relative difference given by From the results in Fig. 4 , the distances at which the relative difference levels are at least of 1% depend on l but the farthest distance is given by the OAM mode order l = 0. Therefore the traditional method to determine the far field distance remains the same and can be applied for every OAM mode order and are conventionally dependent on the radii. Thus, in the far field, the asymptotic formulation (20) holds.
Asymptotic slope
In order to study the formulation (20) , we show in Fig. 5 the link budgets from (10) and (20) computed for |l| = 0, 1, 2, 3, 4 and R t = R r = 5λ . As expected, the two representations converge. 
link Budget (dB) Figure 5 : Link budgets for |l| = 0, 1, 2, 3, 4 with N = 12, R = R t = R r = 5λ and g t = g r = 1. The link budget (10) is depicted in color lines, and the asymptotic formulation (20) is represented with dots.
From the Fraunhofer distance 2(2 max(R t , R r )) 2 /λ = 200λ , the link budget asymptotically tends to straight lines of slope −20(|l| + 1) dB/decade, which is consistent with an attenuation in 1/D 2|l|+2 . This was first discovered in [8] for the case l = 1 with a two element antenna array system, and extended for all the OAM mode orders in [10] with the Laguerre-Gaussian beam formalism. Here we confirm this result and extend it for any circular array antenna system. This result highlights the strong asymptotic slope for non-zero OAM mode orders. This will be discussed in the following sections and in the conclusion.
Finally, with this expression (20), we can calculate immediately the link budget. In addition, we have validated the decay in 1/D 2|l|+2 of waves carrying OAM. In the next section we study the asymptotic formulation of the link budget (20) in terms of gains and losses.
Gain and free-space losses
Asymptotic Expressions
In this section, we generalise the classical transmission equation (1) to non-zero OAM mode order. To do so, we define equivalent antenna gains G t eq , G r eq and equivalent losses L FS eq . They depend on the characteristics of the antennas, on the distance and on the OAM order l.
Keeping in mind L FS = (4πD/λ ) 2 , we want to find a formulation with only gains and losses, i.e.
With some transformations in (20), we can obtain
In this equation, we can identify equivalent free-space losses
Note that the free-space losses have exactly the classical expression L FS = (4πD/λ ) 2 but with an exponent |l| + 1, which gives L FS eq (l) = (L FS ) |l|+1 .
From (22) and (23), we also define equivalent OAM antenna gains for a configuration with two face-to-face circular array antennas. Their expressions are given by
Since from the beginning we have separated the transmitter and receiver parts, the formulation (23) remains valid for a communication system with two different array antenna radii. In addition, this formula is only valid for array antennas.
Equivalent array antenna gain study
The equivalent gain (25) is dependent on the antenna parameters. When l = 0, we have G t eq = G r eq = Ng which is classical for an array antenna with elements fed in-phase with neglected couplings. When l = 0, G t eq and G r eq are dependent on N, R t , R r and l. Therefore, the transmitted and received equivalent gains can be modified to partially compensate the free-space losses in 1/D 2|l|+2 at a given distance.
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link Budget (dB) Figure 6 : Link budgets for |l| = 0, 1, 2, 3, 4 with N = 12, R = R t = R r , g t = g r = 1 and D = 1000λ . The link budget (10) is depicted in color lines, and the asymptotic formulation (20) is represented with dots.
In Fig. 6 , equation (23) of the link budget is computed for a transmission between two circular array antennas separated by a distance of D = 1000λ where R = R t = R r varying from 1λ to 10λ . A comparison with (10) is also plotted to confirm the asymptotic behaviour. For a fixed value of |l|, each equivalent gain increases in R 2|l| so that the link budget improves by a factor of R 4|l| . On the contrary, for a fixed value of R, when |l| increases, the link budget decreases since asymptotically the effect of D is greater than those of R t and R r .
Simulation
A general asymptotic formulation (23) of the link budget has been obtained and validated. It matches the classical theory (1) and can give the OAM single-mode link budget. In this section, another validation with the commercial electromagnetic simulation software Feko is performed.
Setup
The same system as before with two identical face-to-face array antennas is modelled in the software. We choose to have 8 elements per array. This will allow the generation of the OAM mode orders |l| = 0, 1, 2.
Array antenna element
For the array elements, we use rectangular patch antennas designed to work at 2.42GHz, as depicted in Fig. 7 . For the sake of simplicity, the dielectric substrate is air and the patch is fed by a wire source between the patch and the ground plane in such a way that a linear polarisation is excited. In the simulation results, the antenna gain of the element is 8.70dBi. This value is given to the terms g t and g r in the asymptotic formulation (23).
Array antenna
The 8 element array and its radiation patterns for OAM mode orders l = 0, 1, 2 are represented in There are many grating lobes caused by the annular geometry of the array. However, along the array axis, a good OAM radiation pattern is generated and is convenient for the simulation. The far field is here obtained beyond the Fraunhofer distance located at 200λ for the arrays of radii 5λ .
The simulations are performed with two face to face arrays using the same polarisation. The Sparameters between each port of the arrays are computed to obtain the simulated propagation channel matrix so that all the couplings are directly included in the S-parameter. The BFN is still considered as ideal. So the matrix equation (7) can be used to calculate all the link budgets but now with simulated values for H tot , taking mutual couplings into account.
Parametric Simulations
Distance
First, we want to verify the asymptotic slope in 1/D 2|l|+2 . A parametric study is performed on the distance between the two array antennas and the results are displayed in Fig. 9 . The results show a good match and Fig. 9 clearly shows the slope in 1/D 2|l|+2 beyond the Fraunhofer distance of 200λ . 
link Budget (dB) Figure 9 : Simulated link budget between the two array antennas of radii 5λ in function of the distance D. The simulated link budget is depicted in color lines, and the calculated link budget with the asymptotic formulation (23) is represented with dots.
Radii
The antenna gain behaviour with respect to the array radii, highlighted in section 5.2, is verified in the simulation depicted in Fig. 10 . The results show a good match and illustrate the usefulness of changing the array radii to optimise the link budget. 
Conclusion on the Simulations
In this section, we have compared the simulated link budget with the asymptotic formulation (23) . The results show a very good match and validate the formulations of Section 4.
Finally, for circular arrays, the asymptotic formulation (23) allows to calculate the link budget of an OAM system instantly. As for the classical Friis transmission equation, the asymptotic formulation (23) can be very useful in a OAM system pre-design and clearly shows the impact of each parameter of the system on the link budget. The good match in the results confirms that the common hypotheses taken beforehand, like neglecting couplings, can be consistent in these conditions.
For non-zero OAM mode, the high asymptotic slope due to the free space losses is determining in the system design. A trade-off with the antenna gains can be achieved to reach the requirement. However, as shown in [7] , in the very far field, the higher order OAM waves become rapidly weak and only the l = 0 OAM mode remains usable.
Conclusion
We have presented an original formulation of the link budget with equivalent OAM gains and freespace losses dependent on the OAM order l. For an OAM system design, it clearly shows the impact of each system parameter on the link budget.
In this paper, we have investigated the asymptotic formulation of the OAM link budget. From the classical theory we have seen that the OAM link budget cannot be calculated as usual. We have also studied a configuration with two circular array antennas. This system is simple but sufficient enough to study the general properties of the OAM. We have found an asymptotic formulation of the link budget by means of asymptotic expansions. An asymptotic decay in 1/D 2|l|+2 has been observed. The calculation have shown that the asymptotic formulation holds from a distance which classically depend on the OAM mode order l = 0. The equivalent gain formula has been studied and highlights the influence of R, l and the array elements on the link budget. Finally, the calculated formulations have been validated with the results of the commercial electromagnetic simulation software Feko. This clearly shows the advantage of our formulas for a rapid system design.
The study has shown some elements on the link budget for the use of the new degree of freedom offered by the OAM in the case of superimposition of several channels on the same bandwidth. The proposed formulation is specific to face-to-face circular arrays but the theory may be extended to generalize this formulation to other configurations, e.g. a continuous aperture.
Nonetheless, the results that we have shown confirm the difficulties to use OAM at very large distance. However, at shorter distances, they remain of interest because there exists communication configurations in which the link budget is more suitable.
